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Abstract

The classical Cauchy-Hadamard, Abel and Tauber theorems provide
useful information on the convergence of the power series in complex plane.
In this paper we prove analogous theorems for series in the generalized
Lommel-Wright functions with 4 indices. Results for interesting special
cases of series involving Bessel, Bessel-Maitland, Lommel and Struve func-
tions, are derived.We provide also a new asymptotic formula for the gener-
alized Lommel-Wright functions in the case of large values of the index v
that are used in the proofs of the Cauchy-Hadamard, Abel and Tauber type
theorems for the considered series.
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1. Introduction

The Bessel, Lommel and Struve functions and their generalizations, as
the Bessel-Maitland and generalized Lommel-Wright functions have origi-
nated from concrete problems in mechanics and astronomy. Recently they
have proved themselves as some of the most frequently used special func-
tions in mathematical analysis and its applications in physics, mechanics
and engineering.
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Ministry of Education and Science, under Grant MM 1305/2003
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As it is known, investigation of the properties of the functions which are
holomorphic in a certain domain of the complex plane, is often based on the
possibility of their representation in series by particular countable systems
of functions, holomorphic in the given region. The Taylor systems are the
most frequently used in circular domains which leads to expansion in power
series. Classical orthogonal polynomials and some special functions are used
in the other regions. That is why it is useful to study the convergence of such
series and to prove Cauchy-Hadamard, Abel and Tauber type theorems.

The classical Abel and Tauber type theorems give some important prop-
oo

erties for the convergence of the power series > a,2" on the boundary of
n=0
their domain of convergence. Namely:

o0
THEOREM (ABEL). If the power series f(z) = Y anz™ is convergent at
n=0

a point zg of the boundary of the disk of convergence, then there exists the
limit lim f(z) = f(20), when z belongs to the angle domain g, with size
2—20

2¢ < 7 and with a vertex at the point z = zy, which is symmetric in the
straight line defined by the points 0 and zj.

The example with the geometrical series ﬁ =1—z+22—-23+... at
the point zp = 1 ([15], p.92) shows that the inverse proposition is not true in

general. That is, the existence of this limit does not imply the convergence
o0

of the power series > a,z{ without additional conditions on the growth of
n=0
the coefficients. The corresponding result in this direction is given by the

following theorem.

THEOREM (TAUBER). If the coefficients of the power series satisfy the

condition lim na, = 0 and if lirri f(z) =S (2 — 1 radially), then the series
n—oo Z—

o0 (o)
> ay is convergent and ) ap, = S.
n=0 n=0
It turns out that the Abel theorem fails even for series of the kind

o0
> ap, 2™, where (ni,ng,...,ng,...) is a suitable permutation of the non-
k=1

negative integers [15], p.92. Therefore, it is interesting to know if for series in
a given sequence of holomorphic functions a statement like the Abel theorem
is available. A positive answer to this question is given for series in Laguerre
and Hermite polynomials by Rusev [13], §11.3; [14], Ch.4, §4; and by Boy-
adjiev [1], and resp. for series in Bessel and generalized Bessel-Maitland
functions - by Paneva-Konovska [7], [10].



THEOREMS ON THE CONVERGENCE OF SERIES ... 61

Let J!"\"(2) be the generalized Lommel-Wright function, introduced and
studied by de Oteiza, Kalla & Conde [6] as a further (4-indices) generaliza-
tion of the Bessel and Besel-Maitland (Wright) functions:

JE(2) = (2/2) 1/+2)\ Z —1)F(2/2)* (1)
v >\—|—k:+1)) D(v+kp+A+1)

= (2/2)" P2 0, [(1L,1); A+ 1,1), 0, A+ 1,1), (v + A+ 1, p); —2% /4]

z€C\ (—00,0], >0, meN, v AeC,
where , ¥, denotes the Wright generalization of the hypergeometric function
by (see [2)):

Vg [(a1, A1), ., (ap, Ap); (b1, B1), .., (bg, By); 2]

o0

ZFa1+A1 T(ap + Ak)
I b1+Bl (bq+qu) k!’

q p
A;>0(=1,.p); B >0(=1,..,q); 1+ > B;j— Y A; >0,

for suitably bounded values of |z|.

These functions and their special cases J}'(2), Jﬁ 1(2), as depending on
the arbitrary ”fractional” parameter p > 0, present a fractional order exten-
sion of the Bessel function J, () and as such, are closely related to fractional
order analogues of the Bessel operators and fractional order equations and
systems modeling numerous real world phenomena arising in applied sci-
ence. For some results related to fractional calculus’ operators of functions
(1), see for example A.I. Prieto, S.S. de Romero and H.M. Srivastava [12].

In this paper, first we obtain an asymptotic formula for the special
functions (1) for large values of the index v. Then, our main objective is to
study series of the form:

ZanJi_’g&’A(z), 2€C, pu>0, meN, XeC, (2)

with complex coefficients a,, (n=0, 1, 2, ...). For such series we prove the-
orems, corresponding to the classical Cauchy-Hadamard, Abel and Tauber
theorems.

In particular, our results lead to corresponding convergence theorems for
series in the Bessel, Bessel-Maitland, generalized Bessel-Maitland (Wright),
Lommel and Struve functions.
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2. An index-asymptotic formula

THEOREM 1. Let u > 0. Then for the generalized Lommel-Wright
functions (1) the following asymptotic formula

(2/2)1,4.2)\
CA+1)"T(r+r+1)

Tox (2) = (L+6,1"(2)), z€C\ (=00,0], (3)

with 0/"{"(z) - 0 as Rev — oo,

holds. The functions 0'""(z) are holomorphic functions of z in C. The
convergence is uniform on the compact subsets of the complex plane C.

P r o o f. For the sake of brevity, denote

rx+2) \"
wk(V7 )\7/1’7 m) = uk(y7)‘uﬂ7m) . (F()\(Jr]<5+)1)> ’

TA4v+p+1)
A = keN;
uk(l/7 auam) F(A+V+/,Ll€+1)’ € )
TOA+1)\" Tw+Ar+1)
A = .
wO(Va Hu’m) <F(}\+2)> F(V‘i‘)\‘i‘ﬂ‘f‘l),
0o, A ) = (T(A+ 1) T+ + 1))
Then (1) gets the form
(2/2)u+2>\
UO(V7>‘7N7m)

Tox (2) =
><(1%-w00aA447n)§:(—4JkU%OaA,uﬂnXZ/QVk>'
k=1
Using the analogues of the Stirling formula (see [2], p.62,(5))
F(z+1) ~V2nzz%exp(—2), T(z4+a)~zT(z), Rez— oo,
we obtain for large values of v and for all £k =2, 3, ...:

F'A+v+p+1) ’
FA+v+p+1)+puk-1)

1
< .
T A+ v+ p 1)

|Uk(l/, )\7 M?m)| =

1
A+ v+ p+ 1)rk-1)

~ ’
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Since |[(A+ v+ p+1)] 7" — 0 when Rev — oo and u; = 1, therefore
there exists a natural number Ny such that for all £ € N and v with Rev >
Ny, the inequalities |ug| < 1 hold, whence we conclude that |wi| < [T'(A +

o0

2)/T(A+k+1)[™. But 3 (=1)% (T(A+2)/T(A+k+1))™ (2/2)% is absolutely
k=1

convergent on the comp_lex plane C (and uniformly on the compact subsets
of C). Denoting -

04 (2) = wo(v, A, prym) D (=1)F wi(w, A, p,m) (2/2)%
k=1
the rest immediately follows the same way as in [9)]. [

In particular, for v = n — 2\, n € N, the index-asymptotic formula (3)
takes the form:

(z/2)"
TA+1)"T(n—A+1)

Jﬁ’_";A,A(Z) = (1+ 9“’_”;)\,)\(,2)); z,Ae€C, n>0,

(6)
0,75\ (2) = 0 as n— oo (n€N).

3. A Cauchy-Hadamard type theorem

First, we prove an analogue of the Cauchy-Hadamard theorem.

THEOREM 2 (CAUCHY-HADAMARD TYPE). The domain of convergence
of the series (2), with complex coefficients a,, (n=0, 1, 2, ...), is the disk
|z| < R with a radius of convergence

R=1/A,  A=2"'limsup (a,| [(CO+1)"T(n— A+ 1)|"H" (1)

n—oo

The cases A = 0 and A = oo are included in the common case, if 1/A is
meant as co, respectively as 0.

P r oo f. Let us denote
un(2) = anJi 5 ((2), by =27 (lan]| T+ 1)) " T(n = A+ 1)),
Using the asymptotic formula (6), we get

(/2)" .
(CA+1))"T'(n—A+1) (146053 1(2))-

un(2) = an

The proof goes separately in the three cases:
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1. A=0. Then lim b, = limsupb, = 0. Let us fix z # 0. Obviously,

n—0ao n—oo
W, m

there exists a number Ny such that for every n > Ni: [1+6]'5, ,(2)| < 2 and
2b, < 1/|2| which is equivalent to |un(2)] = by |2["[1 + 0,75, \(2)] < 21=n,
The absolute convergence of (2) follows immediately from this inequality.
2. 0 < A < oco. First, let z be inside the domain |z| < R (z € C), i.e
|z|/R < 1. Then limsup |z|b, < 1. Therefore, it exists a number ¢ < 1 such
n—oo
that lim sup |z|b, < ¢, whence |z|"b]! < ¢". By using the asymptotic formula

(6) fo:?ﬁz common member u,(z) of the series (2), we obtain |u,(z)| =
bz |1 + HZ;TZ/\A(,ZH <q¢"1+ Hﬁfg’/\,A(z)L Since nlirrgo Gng}\y)\(z) = 0 there
exists Na: for every n > No [1+ 6,7, ,(2)] < 2 and hence |u,(z)| < 2¢™
Because the series § 2¢™ is convergent, the series (2) is also convergent,
even absolutely. "

Now, let z lie outside this domain. Then |z|/R > 1 and limsup |z|b, >
n—oo

1. Therefore there exists infinite number of values ny, of n: [z|™bpr >
1. Since lim 6", \(z) = 0, there exists N3 so that for n; > Na; |1 +
n—oo ’

0 " oaa(2)] = 1/2, ie. |up,(2)| > 1/2 for infinite number of values of n.
The necessary condition for convergence is not satisfied. Therefore the series
(2) is divergent.

3. A = o00. Let z € C\{0}. Then b,, > 1/|z| for infinite number of values
ny, of n. But, from here [up, (2)] = |2[™ bpk [1+ 0, | (2)] > 1/2 and the
necessary condition for the convergence of the series (2) is not satisfied and
we conclude that the series (2) is divergent for every z # 0. ]

4. An Abel type theorem

Let 20 € C, 0 < R < 00, |29| = R and g, be an arbitrary angle domain
with size 2¢p < 7 and with vertex at the point z = 2y, which is symmetric
in the straight line defined by the points 0 and zg. The following theorem
is valid.

THEOREM 3 (ABEL TYPE). Let {a,}>, be a sequence of complex
numbers, the real number 0 < R < oo be defined by (7) and K be the circle
domain |z| < R. If f(z) is the sum of the series (2) on the disk K and this
series is convergent at the point zg of the boundary of K, then

lim f(z) = ZanJﬁ’_gl)\7/\(zo), when |z| < R, z € g. (8)
n=0

Z—2z0
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Proof. Letus consider the difference

Zan n— 2)\>\ (20) Zan n— 2,\,\ (20) — J} 2,\,\( z)) (9)
and represent it in the form
k o0
:Zan(t]ﬁfg)\,,\(%)_J;f’_y;,\,x(z))"‘ Z an(J;;Lgl,\,,\(ZO)_JanA)\,u,m(Z))-
= n=k+1

Let p > 0. Using the denotations
q

/Bq = Z anJ#fg)\)\(ZO% q>k, [Br=0,
n=k+1

T(2) = 1= I 50 A (2) /T 55 A (20),
and the Abel transformation (see [5], Vol.1, p.32, eq. (3.4:7) ), we obtain
consequently:

k+p k+p
ST an(E T (z0) = S (2) = Y (B~ Buo1) ()
n=k+1 n=k+1
k+p—1
= BrtpYerp(2) = Y Bulmi1(2) = m(2)),
n=k+1
i.e.
k+p
Z an(J gy 2 (20) = 155 1 (2))
n=k+1
k+p
= (1 - Jll:—}—gb—%,k(z)/Jll:—’k;?—QA,A(ZO)) Z anJ}" "5, A (20)
n=k+1

k+p—1 J,u,,m (Z) Jum ( )
m n—2\M\ n+1—2A\
-3 (3 ) (55 ),

1 \smht1 Jﬁ’—QA,A(ZO) Jpi1—aa(20)

From asymptotic formula (6) it follows that there exists a natural number
M such that J'')\ | (z0) # 0 when n > M. Let k > M. Then, for every
natural n > k:

I oA (@) I A (20) = T ox A (2)/ T axa(20) = (2/20)" % (10)
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(1405 A () (A0 o5 A (20)) = (2/20) (14017 oy 1 (2))(1+6,775, 5 (20))
(1467755 1 (20)) (146727755 1 (20)) '

For the right hand side of (10) we apply the Schwarz lemma. Then we get
that there exists a constant C":

[T o ()] 505 A (20) = T3 _oa 2 (2)/ 3 _ax A (20)] < Clz = 20|12/ 20]™.

Analogously, there exists a constant B:

11— T a2/ T axa(20)] < Blz — 20| < 2B]2].

Let € be an arbitrary positive number and choose N(¢) so large that for
k > N(¢e) the inequality

| Z as I 55 1 (20)] < min(e cos ¢/ (12B|z0]), € cos ¢/ (6C|z0))
s=k+1

holds for every natural n > k. Therefore, for k& > max(M, N(¢)):

oo
1S ™ (20)] < mine cos g/ (12B]z0]), 2 cos 0/ (6C]20)),
s=k+1

and

| Z an (J213 ((20) = T2\ (2)]

n=k+1

< (ecosp/6)(1 + Z |20~z = 20l 2/ 20]™)

n=k+1
< (ecosp/6)(1 + |z — 20l /(|20] — |2]))-

But near the vertex of the angle domain g, in the part d, closed between
the angle’s arms and the arc of the circle with center at the point 0 and
touching the arms of the angle, we have |z — zo|/(|20] — |2]) < 2/ cos p, i.e.
|z — 20| cos p < 2(|z0| — |z|). That is why the inequality

] Z an(J 2)\)\ (z0) — Jﬁ’_gl)\)\(z)ﬂ < (ecosp)/6+¢/3 <¢e/2 (10)
n=k+1

holds for z € d, and k > max(M, N(e)). Fix some k > max(M, N(e)) and
after that choose §(g) such that if |z — 29| < d(¢) then the inequality
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k
1> an(Jh75, 1 (20) = T A (2))] < £/2 (11)
n=0
holds inside d,. We get
AR =1 an(J325 A (20) = T35, 1 (2))]
n=0

for the module of the difference (9). From (10) and (11) it follows that the
equality (8) is satisfied. [

5. A Tauber type theorem

o0
We consider the series ) a,, a, € C and let

n=0

20€C, |2/=R, 0<R<o0, Jﬁ’_";/\7/\(zo) #0 forn=0,1,2,... .

For shortness, denote
nym
) - m .
R J:f2,\,>\(z0)

o0
Let the series }_ anJy, ), .,(2;20) be convergent for |z| < R and
n:0 I’ I )

o0
F(z) = Zfan:;)\%m(Z;Zo), |z| < R.
n=0

THEOREM 4 (TAUBER TYPE). If {a,}22, is a sequence of complex
numbers with

lim na, =0, (12)

n—oo

and there exists

lim F(z) =S5 (2] < R, z — 2 radially),

z—20

o0
then the series Y, a, is convergent and

n=0 00
g anp = S.
n=0
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P r oo f. For a point z of the segment [0, zp] we have

k k o)
Z anp — F(z) = Z Gy, — Z anJ;"L’A%m(z; 20)
n=0
‘Z I’ ’SM zo> _ia Thpaz)

"I A (20) aa(20) =TT A (20)

k b
_ ;LLT;L)\)\ ZO) T, T;,\,,\(z) - « .
=2 an = 2 andiaum(z20)

I 2/\ A(20) n=k+1

and therefore,
k
[2_an—F(z)] < Zl an|
n=0

+ Z |an|’ /\umzzo)}‘

n=k+1

Jh o (z0) = I o\ A (2)
Tn o (20)

(13)

By using the asymptotic formula (6) for the generalized Lommel-Wright
functions, we obtain:

JE (2 no14-0m " ~
o it () N (2] (14w

o (20) 1+6), 5y 2 (20) 20

Let € be an arbitrary positive number. We choose a number N; so large
that the inequalities |1 + Ok x (25 20)| < 2,|kag| < § hold as k > Np. If
k > Np and z is on the segment [0, zp], then for the second summand in (13)
the following estimate is valid:

o0 o

n
Z ~
D lanl [T pm(z 20| = D7 lanl || L+ Onapum(zz0)]  (14)
n=k+1 n=k+1 0
p k+1 oo P n—k—1 o0 2 |™
<2 P Z |an| P §2Z‘an+k+1| P
0 n=k+1 0 n=0 0

o0

e/6
92 _=re
nzzorﬁ-k—i-l

:Qi [(n+k 4+ Dapipi1]
n+k+1

20

2 ¢ 1 el Jz
<t-o - -2
k61—|z/z0] 3k |z0|—|z]
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Now let us consider the first summand in (13). We have:

k
>l
n=0

J;:ig)\,)\(zo) - J::LWQZ)\’)\N: m(z)
Jh s (20)

+Z|nl

n=q+1

Iy 2>\>\(Z0) gy 2>\>\( z)

_Z’n| VSESINED)

According to Schwarz’s lemma, there exists a constant C such that

In” 2A,\(ZO) Jn 2>\>\
JH (

J,’f’_TSM(ZO) - Jrlf—n;)\,)\(’z)
VSN ED

< Clz — 2.

Moreover, there exists a number N» such that the following inequality

q
,m >~ lan]
gy 2)\ A(z0) = JS—QA,)\(Z) ne
§ jy an) e <Clz— 2|k Ok (15)
n—ZA,A(ZO)
<C\z—zolk3RC \z—zo\k’?)R

holds as k > Ny. It remains to estimate the sum

Zlnl

n=q+1

I oan(20) = 35 ()

VSN ED

To this end, using asymptotic formula (6), we find consequently:

b (z0) = I\ 4 (2) B (20)"(1 + 0,755 A (20)) = 2"(1 + 0,775, \(2))
I o (20) 25 (1+ 0,75, 1\ (20)

_1_<Z>n 1+0,75,() _1_<Z>n 0n ox(2) = 0775, 4 (20)
20 1—|—9n 2/\/\(20) 20 1—|—9n 2)\)\(20)

—1- <Z)n _ (Z)n 0 o (2) = 07555 4 (20)
20 0 L+ enl2A,A(ZO) '

T a(z0) = T 5 A (2)
I 5 (20)

1+

Therefore,
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()1

We obtain the following inequalities

n 2 n—1
z z z z
20 20 <0 20

for the first summand of (16). According to Schwarz’s lemma, there exists
a constant p such that

01 552 (2) = 055 A (20)

146575, A (20)

0 o (2) = 0755 A (20)

1+6,75, 5(20)

z

20

z
1—- 2
20

<n

<1 as |z — 20| < p.

Then, for such |z|, we obtain for the second summand of (16):

z|" 0, 552 (2) = 0,75, A (20) z|" 12 — 2|
20 14+ GZ’I;L/\’)\(Zo) |20 ’
From (12) it follows that N N
Z n|an] z |an|
lim a, =0, lim %=L —— =0, lim =L — =0.
n—00 k—oo k—oo
Then a number N3 exists such that
k k
Z+1n|an| . Z+1|an| .
n=q n=q
< d < k > Ns.
k 31+Rr) k 31+R) 8
Therefore,
k w,m H, m k
Jf)\)\(ZO)_Jf)\A(Z) z
7 Jan| |2 i n2, < ) nlag 1—’ (17)
n=q+1 n=2a(20) n=q+1 20
k k
k n =zl ZHTL!%! Z+1 |an|
0| n=q n=q
— — 2 <k klz—
+ Z |an| |z — 20| < R A +k |z — 2 k:
n=q+1
1+ R € €
<k|z— =kl|z — 2| ==.
|z — 20| R 301R) |z — 20| 3R
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Finally, let us note that

Zan—F

T oA (20) = 3o 5 (2)
Tn o (20)

<Z!n|

ol 2)\)\(20) Jn 2A,\
I oA (20)

+ Z |anH /\Nmzzol.

n=k+1

+Z!n|

n=q+1

Let N = max(Ni, No, N3), k > N and |z — 29| < p. Then by using (14),
(15), (17), we can conclude that

k
e el |z
- F — 20|k klz— 20| o 4 = - 0
nz:%“” ()| < I = 20l g + k12— 20 3R T3 % |20 - |7
_E %|2_Z|+lﬂ
3| R Ok 120l — 2]

If we substitute z by zo(1 — %), then

(- 1)

<§3:€.

k
This proves that khm > ay exists and equals hm F(z(1—1)), Le.
P n=0
- 1
Zan = lim F (zo(l — )) =S.
k—o0 k
n=0
Thus the theorem is proved. ]

6. Special cases

Obviously for m = 1, special function (1) turns into the generalization
of the Bessel function J,(z), introduced by Pathak [11] (for details see [3],
p.353 and [4], eq.(8.2)):

Jﬂ,l(z) :J“ ( ) (z/2 u+2>\z ( ) (2/2)% (18)
“A A PA+k+DD(v+ku+A+1)
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Then Theorem 1 gives the asymptotic formula, given in [9]. Theorems 2,
3, 4 provide analogues of the classical Cauchy-Hadamard, Abel and Tauber
theorems for the functions (18).

Fixing m = 1, for particular choices of the other parameters A and p we
obtain results for more special cases of series of the form (2).

i. Let A =0, then special functions (1), (18) give the generalization of
the Bessel-Clifford function C,(z) = 27%/2J,(2y/z), introduced by E. M.
(Maitland) Wright [16], and called Wright function or Bessel-Maitland func-
tion (see Marichev [4], p.109; Kiryakova [3], p.336):

< (—2)*
Jﬁ(z)_kz:(]k!F(u+uk+1)’ p> (19)
Namely,
Tl (2) = (2/2)7 T4 (22 /4), (20)

therefore our results, for m = 1 and A = 0, yield the corresponding theorems
from Paneva-Konovska [10]. Additionally, if x =1, then Jylv’é(z) = Jy(2)
and we get the theorems for convergence of series in Bessel functions, see
Paneva-Konovska [7], [8].

ii. Let now p = 1, then (see Marichev [4], p.109; Kiryakova [3], p.336)

22—2/\—1/
(21)

1,1 -
‘]1/7)\(2) F()\)F(}\—Fy) 52>\+V—1,V(Z)a

where s4,,(2), a, v € C denotes the Lommel function, [2, Vol.2, p.50,(69)]:

Zotl 1‘ozfu+3.a+u+3‘ 22
a—v+Dla+rv+n) "2\ 2 T 2 g )
(22)

Sau(z) = (

For v =n+ 1 — 2, relation (21) becomes

21—n

1,1
Jn+1—2)\,/\(2) T()\)F(n +1— /\) 5n,n+1—2>\(2)a

and Theorems 2, 3, 4 provide, as special cases, results on the convergence
of series in Lommel functions (a, := cpay):

[e.e]

~ 17
D an Tyt ona(2) =Y ansnni1-2a(2). (23)
n=0

n=0
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Additionally, let us take A = 1/2, then we obtain the Struve functions
([2, Vol.2, p.51,(84)]):

21—V
= m SV,V(Z)

and our results turn into Cauchy-Hadamard, Abel and Tauber type theo-
rems for series in Struve functions (a, := cpa), = dyay):

D andyy () =D ahsan(z) =Y aHa(2). (25)
n=0 n=0 n=0

H, () (24)
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